COMMON CYCLIC VECTORS FOR NORMAL OPERATORS
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ABSTRACT. If s a finite compactly supported measure on C, then the set .S,
of multiplication operators My, : L2(u) — L%(pu), My f = ¢f, where ¢ € L ()
is injective on a set of full p measure, is the complete set of cyclic multiplication
operators on L2(u). In this paper, we explore the question as to whether or
not Sy, has a common cyclic vector.

1. INTRODUCTION

A bounded linear operator S on a separable Hilbert space H is cyclic with cyclic
vector f if the closed linear span of {S™f : n = 0,1,2,---} is equal to H. For
many cyclic operators S, especially when S acts on a Hilbert space of functions,
the description of the cyclic vectors is well known. Some examples: When S is the
multiplication operator f — xf on L?[0,1], the cyclic vectors f are the L? functions
which are non-zero almost everywhere. When S is the forward shift f — zf on
the classical Hardy space H?, the cyclic vectors are the outer functions [10, p. 114]
(Beurling’s theorem). When S is the backward shift f — (f — £(0))/z on H?, the
cyclic vectors are the non-pseudocontinuable functions [9, 16].

For a collection & of operators on ‘H, we say that S has a common cyclic vector
f, if f is a cyclic vector for every S € S. Earlier work of the second author
[19] showed that the set of co-analytic Toeplitz operators 13, with non-constant
symbol ¢, on H? has a common cyclic vector. This line of research was pursued by
several others culminating in a result of Bourdon and Shapiro [4] which says that
for any reproducing kernel Hilbert space of analytic functions on a planar domain
Q (Bergman space, Dirichlet space, Hardy space, etc.), the set of adjoints M s of
multiplication operators, where ¢ is a non-constant multiplier, has a common cyclic
vector.

In this paper, we will consider common cyclic vectors for normal multiplication
operators. To set this up, we first review some classical results about normal
operators. The interested reader can consult [5, 8] for further information. For our
separable Hilbert space H, let B(H) denote the bounded linear operators on H.
The weak-operator topology on B(H) (denoted by WOT) is the topology on B(H)
given by the family of semi-norms

pre(S) :=[(Sf, 9, f.gE€H.

We say an algebra A C B(H) is cyclic if there is a vector f € H such that {Af :

A € A} is dense in H. If N € B(H) is normal (N*N = NN*), let W(N) denote

the WOT closed linear span of {N* : k = 0,1,---}. Note that N is cyclic if

and only if W(N) is cyclic. Let W*(N) be the (abelian) von Neumann algebra

generated by N, i.e., W*(N) is the WOT closed linear span of {N*N*! : [k =

0,1,2,---}. A normal operator N € B(H) is x-cyclic if the algebra W*(N) is cyclic.
1
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Finally, recall that {N}' = {A € B(H) : AN = NA}, the ‘commutant’ of N,
coincides with W*(NN)" (the operators that commute with everything in W*(N))
and always contains W*(N). The following theorem is standard in the theory of
normal operators.

Theorem 1.1. For a normal operator N € B(H), the following are equivalent.
(1) N is cyclic.
(2) N is *-cyclic.
(3) W*(N) is mazimal abelian, that is to say, W*(N) = W*(N).
(4) There is a finite, positive, Borel measure p on the spectrum o(N) so that
N is unitarily equivalent to M, : L*(u) — L?(u), M, f = zf.

Throughout this paper, all measures will be positive, finite, compactly supported,
Borel measures on C. With this assumption, L?(u) is a separable Hilbert space. The
equivalence of (2), (3), and (4) is part of the spectral theory for normal operators
[8, Ch. 2]. The equivalence of (1) and (2) is an elegant theorem of Bram [6, p. 232].
In general, the cyclic vectors for a normal operator will be a proper subset of the
x-cyclic vectors. However, if N is ‘reductive’ (W (N) = W*(N)), then each *-cyclic
vector will be cyclic.

Since (1) and (4) are equivalent in Theorem 1.1, we consider the algebra

=AMy L () — L*(), My f = 6f = ¢ € L= ()},
where 11 is a measure on C. Some basic facts about My and A, are as follows.

Proposition 1.2. For My € A,
(1) My is normal with My = M.
(2) 1My = 6o
(3) o(My) is equal to {p(A)~ : A measurable, u(A°) = 0}, often called the
‘essential range’ of ¢.
(4) {M.} = A, = W*(M.). Moreover, the map ¢ — My is an isomorphism
and a homeomorphism between (L (u), weak — *) and (A,, WOT).

Concerning *-cyclic vectors, we can use the above discussion to say the following.

Proposition 1.3. For ¢ € L*°(u), the following are equivalent:
(1) My is *-cyclic.
(2) & is injective on a set of full measure.
(3) ¢ is a weak-x generator of L>(u) in the sense that the weak-+ closed linear
span of {(b'”ak ckyn=0,1,---} is L>®(p).
(4) W(My) = Ay
Furthermore, f € L*(w) is *-cyclic for My if and only if f # 0 p-almost everywhere.

Let L$°(u) be the set of ¢ € L>(u) that are injective on a set of full measure.
Also define S, := {My : ¢ € L°(un)} and note that S, has a common x-cyclic
vector (any f € L?(u) that is non-zero p-almost everywhere will do) and in fact,
the common *-cyclic vectors are dense. Also observe that the set Sj, := {M :
¢ € L (), W(My) = W*(My)} has a common cyclic vector. Our common cyclic
vector problem, and the focus of this paper, is the following.

Question 1.4. Does S, have a common cyclic vector?
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S. Seubert kindly informed us that the answer yes when the measure y is atomic.
In fact, results in a paper of Sibilev [17] ([14] has a related result) essentially
characterize the common cyclic vectors for S, when p is atomic. We outline a
short proof of this result (Theorem 2.3) for completeness and to suggest some
further directions.

We will show, for a general measure p, decomposed as p = pg + e, with pg
discrete and p. continuous [12, p. 334], that S, has a common cyclic vector only
when p. = 0 (Theorem 3.4). Using the theory of Lebesgue spaces, it is enough to
consider the measure p = m, normalized Lebesgue measure on the unit circle T.
We will show that .S,,, has no common cyclic vectors (Proposition 3.2) and thus one
is led to consider whether or not natural subsets of \S;, have common cyclic vectors.
Theorem 4.1 is such a result.

2. ATOMIC MEASURES

Suppose p is purely atomic, that is,
oo
(2.1) dy = Z an0z, ,
n=1

where (an)n>1 is a summable sequence of positive numbers and 4, is the unit point
mass at z,. For ¢ € L°(u), observe that MyX,, = ¢(2n)Xz,, where x., is the
characteristic function for the singleton {z, }. Thus the operator M, has a spanning
set of eigenvectors {x,, : n =1,2,--} corresponding to distinct eigenvalues (since
¢ is injective). We claim that

(2.2) h = i 27" Xz,
n=1

is a common cyclic vector for S,
Theorem 2.3. For a purely atomic measure u, S, has a common cyclic vector.

The key to proving Theorem 2.3 is a function theory result of Beurling. The set
up is as follows: Suppose that (¢,)n>1 is a sequence of complex numbers satisfying

lim {/|c,| <1
n—oo

and (a,)n>1 is a bounded sequence of distinct complex numbers. Form the function

(2.4) f()=3" - f"a
n=1 n

(functions of this type are often called ‘Borel series’ or sometimes ‘Denjoy-Wolff’
series) and note that f is analytic off (ay),~,. Note also that C\ (a,),>, might
be a disconnected set. The following is a consequence of a more general result of
Beurling [3, Théoreme II] (see also [16]).

Lemma 2.5 (Beurling). If the function in eq.(2.4) vanishes on an open subset of
C\ (an),s1s then ¢, =0 for all n.

We are now ready for the proof of Theorem 2.3. With dy and h defined in
eq.(2.1) and eq.(2.2), let ¢ € Lg®(n). If g € L?(p) satisfies (MJ'h, g) = 0 for every



4 WILLIAM T. ROSS AND WARREN R. WOGEN

N =0,1,2,---, then

O—Z¢anhzn) (zn) ":Z anQ g(zn)an, N=0,12,-

Notice that
1
S lg(an)lan = / lgldp < C] / g2y
n=1

and so, in particular, (¢(z,)an)n>1 is a bounded sequence.
For |z| > A :=sup{|¢(z,)| :n=1,2,---},

0= 35 & St

which, after reversing the order to summation, yields

- —-n 7.\ - Zn N 27"g(zn)an
0= 32T 32 A 32 TG
— N=0

n=1

Now appeal to Beurling’s result, Lemma 2.5 (note that

Him /27 "g(zn)an| < 1/2

and the ¢(z,)’s are distinct, since ¢ is injective) to conclude that g(z,) = 0 for all
n and so, since g vanishes on a carrier of u, g is the zero function. Since h does not

depend on ¢ € L{°(u), h is a common cyclic vector for S,.

3. MEASURES WITH A CONTINUOUS PART

We will now show that S, does not have a common cyclic vector whenever u has
a non-trivial continuous part. Before we do though, we recall Szegd’s theorem [13,

p. 49].

Theorem 3.1 (Szegd). For a positive measure p on T with Lebesgue decomposition,
with respect to normalized Lebesque measure m on the circle, dy = hdm+do, where

h € LY(m) and o L m,

inf /|1 —p d,u—exp[/loghdm]

pEP,p(0)=0

where P is the set of analytic polynomials.

We first consider the case when p = m.

Proposition 3.2. S, does not have a common cyclic vector.

Proof. Suppose that f € L?(m) is cyclic for M,. As a consequence of Szegd’s

theorem (Theorem 3.1),

/log |fldm = —oc0.
T

For n € N, let

on <) < 5y

and ‘ ‘
Ey = {e’e : |f(e’0)| > 1},

|z| > A.



COMMON CYCLIC VECTORS FOR NORMAL OPERATORS 5

We can assume, without loss of generality (perhaps multiplying by a constant, which
does not change cyclicity), that m(Ep) > 0. On the set E, note that log|f(e*)| ~
—n.

We will now construct our ¢ € L{°(m) for which f is not cyclic for My. To
make the construction conceptually easier, we will equate T with [0,27] and m
with Lebesgue measure on [0, 27]. For z € E, let

o) = | e (3)ds

and note that a( "
m O
— 2 |E =1
dm ’ 1 )
and

Fi = 9(B) = [0, m(By)].
For z € F>, let N
o@) = m(B) + 3 [ xra(s)ds

and note that )

55

d(ZLTZ ®) |E2 _
and 1
Fy := ¢(B2) = [m(Ey), m(Eq) + 5m(Es)].

In general, for x € E,,, let

and note that

d(m © ¢) ’En l,
dm n
and
n—1 1 n 1
Fp = ¢(En) = Y =m(E)), Y —m(E;)]
~J el
Finally, for z € Ey, let
o) =3 () 4 s o= > tm(E)] [ s
= — n ™ — — n
—n m(Ep) —n XEo
and so
1
Fo:=¢(Eo) =) —m(Ey), 27]
n=1
By construction, ¢ € L°(m) and for n =1,2,---,
d
dmod)p _ 1
dm n
d -1
dmod”)\p _ .
dm
Also note that m and m o ¢~! are mutually absolutely continuous and so
d(mog¢~1 _
Ug = [ A2 (g0 g1

dm
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is a unitary map on L?(m) with UMsU~! = M,.
Let us now argue that U f is not cyclic for M,. To do this, apply Szego’s theorem
(Theorem 3.1) to the function

d(mo¢~1)

uf= dm

(foo™)
to get

27 _ o0 _
d(mog¢~1) -1 d(mo¢~1) -1
1 _ df = 1 —+1 do.
[T 5 o e
On the set F,, log|f o ¢~!| ~ —n and so
o0 B (o] 1
S [ toglfos o~ Y- —n(m(E)).
n=17Fn n=1 n
which converges. Recall that,

dmod™) ™) |F,=n

dm
,;1 /F o Wdﬂ = ZQ tog ) - (- m(E,))

which also converges. Thus U f is log-integrable and so by Szegd’s theorem, U f is
not a cyclic vector for M,.

Finally notice that from the above argument and the identity UM,U ' = M,
that U='U f = f is not cyclic for M. O

and so

Remark 3.3. The above proof in fact shows that My is unitarily equivalent to M.
Theorem 3.4. If u. # 0, then S, does not have a common cyclic vector.

Proof. Decompose the measure p as p = g + pfe, where pg is discrete and g
is continuous in that u.({z}) = 0 for all z € C [12, p. 334]. The measures pugy
and p. are carried by the sets E4 and E. respectively, which we can assume to be
disjoint. The mapping f — f|E4 + f|E. defines a unitary map between L?(u) and
L2(pq) ® L% (pe). If, for ¢ € L% (p), (Mg, L?(p)) is cyclic with cyclic vector f, then
a routine observation yields that both (Mg, L?(uq)) and (Mg, L?(u.)) must also be
cyclic with cyclic vectors f|Ey and f|E. respectively. We will complete the proof
by showing that S,,, does not have a common cyclic vector.

To this end, assume that y = u. and let X be the support of u. Note that we can
also assume that ||p|| = 1. From a classical theorem on Lebesgue spaces appearing
in [11] (see also [8, p. 292]), there are Borel sets A; C X, Ay C T and a bijection
T : Ay — Ag such that (i) u(X \ A1) =0 =m(T\ Az); (ii) A subset A C Ay, is
p-measurable if and only if 7(A) is Lebesgue measurable; (iii) u(A) = m(7(A)),
i.e., 7 is measure preserving.

One can check that U f := f o7 defines a unitary operator from L2(m) to L?(u)
and that for each ¢ € L>®(m),

U(Mg, L>(m))U™" = (Mgor, L* (1))

This makes the map My — UM,U~" a spatial isomorphism between A, and A,,.
Since S, does not have a common cyclic vector (Proposition 3.2), S,, does not have
a common cyclic vector. [
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Remark 3.5. (1) We mention that using Lebesgue spaces, one can give an al-
ternate construction of the map ¢ in the proof of Proposition 3.2. The
details are left to the interested reader.

(2) In the proof of Theorem 3.4, we used the fact that if f is cyclic for (M, L?(u)),
then f|Eq is cyclic for (Mg, L?(uq)) and f|E. is cyclic for (Mg, L?(p.)). The
converse of this is not true in that the sum of a cyclic vector for My on
L*(pq) and a cyclic vector for My on L?(u.) may not be cyclic for M, on
L?(p) (see [2, Ex. 9])

4. A POSITIVE COMMON CYCLIC VECTOR RESULT

Let C be the set of ¢ € C'+¢(T), for some € > 0, such that ¢ is injective, except

possibly for a finite number of points, and such that

2 (et 0

So(c)
for all €. Let us abuse notation slightly and let

, d

/(o00) . 0
F(e) = ().

Our common cyclic vector for {(Mg, L?(m)) : ¢ € C} will be any vector f € L*(m)
that is non-zero m-a.e. and which also satisfies

/log|f\dm: —00
J

for every arc J C T. An example of such a function is the following: For a sequence
(@n)n>1 of points that are dense in T, define

f(ei9) = exp ( - ngl M)

and note that f is bounded, non-zero almost everywhere, and not log-integrable on
any arc of the circle.

Theorem 4.1. A function f € L*(m) is cyclic for every My, ¢ € C, if and only if
f is non-zero m-a.e. and f is not log-integrable on any arc of the circle.

For a measure ju, let P2(u) be the closure of the analytic polynomials in L2 ().
The proof of our positive cyclic vector result (Theorem 4.1) needs a few prelimi-
naries.

Proposition 4.2. For a measure p, let g € L?(u) be non-zero p-a.e. If P?(v) =
L2(v), where dv = |g|?dpu, then g is a cyclic vector for (M,, L?(u)).

Proof. Let V denote the closed linear span of {MZg:n =0,1,2,---}. The equality
P%(v) = L*(v) implies that fg € V for all functions f that are continuous on the
support of p. If h € L?(p) such that

/ fohdy =0

for all such continuous f, then ghdpy is the zero measure. But since g is non-zero
p-a.e., this means that h is zero p-a.e. and so V = L2(u). O
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For fixed ¢ € C, the set ¢(T) := T is a C**¢ planar curve which intersects itself
a finite number of times. The operator
(4.3) Uh=|¢'o¢~|7V/2 (hoo™")
is a unitary operator from L?(m) to L*(T, ds), where ds denotes arc length measure
on I', with
U*(M,, L*(T,ds))U = (Mg, L*(m)).
Also needed here are the following two generalizations of Szegd’s theorem. The

first is obtained from the classical version of Szegd’s theorem (Theorem 3.1) by a
conformal mapping.

Theorem 4.4. Let Q be a Jordan domain and p a measure supported in Q. If
W= g + ps is the Lebesgue decomposition of p with respect to wq, i.e., g, < wq,
ws L wa, then P?(u) = L?(u) if and only if

/ log(%)dwg = —00.

The second version is due to Akeroyd [1, 2] (see [18] for a related result) which
we state verbatim.

Proposition 4.5. Let K be a compact, connected, subset of C, and let v be a
Jordan arc that (except for its end points which are in K) lies in the unbounded
component of K¢ and let p be a measure supported in vU K. Let ) be the bounded
component of (v U K)¢ whose boundary contains vy, and let

dply = hdwg + dps
be the Lebesgue decomposition of |y, with respect to wg on v. If

/log hdwq = —o0,
y

then x~ € P%(p).

Let us say a few words about these two results. First, wg is harmonic measure
on 0f) evaluated at some point in Q. Secondly, in our application of this theorem
(see below), we will be taking € to be one of the bounded components of I'* (where
I' = ¢(T), ¢ € C) in which case I is a piecewise smooth curve.

Lemma 4.6. If J is a closed C'*¢ sub-arc of O which does not contain any of
the ‘crossing points’ of Q = ¢(T), and u is a measure on J, then

d
(1) the function d—s is bounded above and below on J,
wa
(2) there are c1,c2 > 0 so that
crwa(A) < s(A) < cowq(A)

for all Borel subsets A of J,
3)

if and only if
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Proof. If ¥ : D —  is the Riemann map with ¢(0) = a (where a € Q is the
evaluation point of wg) and ¢’(0) > 0, then 6 — ) (e?’) is a parameterization of
0f). Moreover, if J is any smooth arc of 0, then, by using the hypothesis that J is
in fact C17¢, we obtain that v’ extends to be a continuous function on ¢ ~1(J) [15,
p. 48] (actually, one proves a local version of the theorem stated in the reference
by means of a conformal mapping). From this, we conclude that |¢’| is bounded
above and below on ¢ ~1(J). It is a standard fact (see for example [7, p. 302]) that
the arc-length measure of a set A C 99 is

[ e
Y1 (A)

and the harmonic measure of A is
do

WQ(A) :/ -—.
o) 2T

Thus, for subsets A of J, wq(A) is comparable to the arc length measure on J and
moreover on J,
ds

_ 1 / —1
dog ~ on [ ()]
This proves statements (1) and (2) of the lemma.

Finally, notice that

dp dp ds
log(~—)dwe, = | log( 2 ) dw.
[ or( ydon = [ 1085 e

Combine this with the first two statements of the lemma, to prove statement (3). O

Proof of Theorem 4.1: One direction of Theorem 4.1 is relatively easy to prove.
Indeed, if f is cyclic for every operator in {M, : ¢ € C}, then certainly f is cyclic
for M, on L?(m) and so f is non-zero m-a.e. To show that f is not log-integrable
on every arc J of the circle, we let ¢ € C map the arc J onto a smooth closed
curve I'y and such that ¢(T) intersects itself only once (at the endpoints of T'y).
We let T's = ¢(T \ J) and notice that the map F' — F|I'; + F|I'z is unitary from
L?*(T'y UTg,ds) to L?(I'y,ds) @ L?(I's,ds) that makes

(M., L*(Ty UTy,ds)) = (M., L*(T1,ds)) ® (M., L*(T, ds)).

Since f must be cyclic for this particular My, then g = U f (recall the definition of U
from eq.(4.3)) must be cyclic for (M., L?>(T';UT2, ds)) and hence g|T'; must be cyclic
for (M, L*(T1,ds)). But then P?(|g|?ds) = L?(|g|?ds) and so, by Theorem 4.4 and

Lemma 4.6,
/ log|glds = —o0.
Iy

However, after a change of variables and Lemma 4.6, this integral is comparable to

/log|f|dm.
J

To prove the converse, we will show, for every f € L?(m) which is non-zero
almost everywhere and is not log-integrable on any arc of the circle, that for every
I' = ¢(T), the vector g = Uf is cyclic for (M., L*(T,ds)). By Proposition 4.2, it
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suffices to show that P?(v) = L?(v), where dv = |g|?ds. Notice that g is non-zero
ds-a.e. and that for any arc v C T,

/log lg|lds = —o0.
8!

To see that P?(v) = L2(v), let v be a closed sub-arc of I' that is part of the
boundary of the unbounded component of I'¢ and which does not contain any of
the intersection points of I'. Apply Proposition 4.5 with K = T\ v and p = v
(along with Lemma 4.6) to see that x, € P?(v). But since this arc v was arbitrary,
we obtain the decomposition

P%(v) = L*(v|To) @ P?(v|(T \ Ty)),

where I'y is the portion of I' which is the boundary of the unbounded component
of I'¢. Now apply the same argument to P?(v|(I' \ T'y)) and so on (a finite number
of times) to see that P%(v) = L?(v).

Remark 4.7. The same proof, with the obvious changes, shows that Theorem 4.1
is still true if C is replaced with the larger class C’, where the condition ‘¢ € C1*¢’
is relaxed to ‘¢ is piecewise C17¢’. In addition, it is not hard to see that the set of
common cyclic vectors for {My : ¢ € C'} is norm dense in L?(m).

If ;1 is a measure for which . is not zero, then S, does not have a common
cyclic vector. What are some natural subclasses of S,, with common cyclic vectors?
Can one identify a maximal subclass of S;, with a common cyclic vector? Note that
such a maximal subclass must contain .5, This maximal question is open even for

Sm.-
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