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Rutherford Scattering - The Problem 10

The experimental setup shown below is analogous to Rutherford’s used to
discover the nucleus. A beam of 6Li-nuclei is accelerated to an energy
Elab = 73.7 MeV in a cyclotron. It strikes a lead (208Pb) target scattering
6Li into a ∆E− E silicon detector. The plot shows the differential cross
section measured as a function of θ. (1) How do these results compare to
the Rutherford cross section? (2) What is the distance of closest approach
(DOCA) of the 6Li to the 208Pb target before the 6Li and 208Pb actually
collide?
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The Differential Cross Section dσ/dΩ 11
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The Plan:

1 Transform the Lagrangian to the
center-of-mass coordinate system.

2 Calculate the projectile trajectory for
Coulomb repulsion.

3 Relate b and θs .

4 Construct dσ/dΩ.

5 Get dσ/dΩ for random impact parameters.

6 Compare with data.

Simulation is here.
Jerry Gilfoyle Rutherford Scattering 4 / 41

https://phet.colorado.edu/sims/html/rutherford-scattering/latest/rutherford-scattering_en.html


The Differential Cross Section dσ/dΩ 12

6

z axis208

Li trajectory

Pb target

z

y

The Plan:

1 Transform the Lagrangian to the
center-of-mass coordinate system.

2 Calculate the projectile trajectory for
Coulomb repulsion.

3 Relate b and θs .

4 Construct dσ/dΩ.

5 Get dσ/dΩ for random impact parameters.

6 Compare with data.
Simulation is here.

Jerry Gilfoyle Rutherford Scattering 4 / 41

https://phet.colorado.edu/sims/html/rutherford-scattering/latest/rutherford-scattering_en.html


Coordinates 13
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The Center-of-Mass Frame and the Reduced Mass 14

For two particles m1 and m2 interacting through some force we will use a
particular coordinate system called the center-of-mass (CM) system. In
the CM frame the total momentum is required to be zero so the CM is

~rcm =
m1~r1 + m2~r2
m1 + m2

and it acts like this. The two particles in the system now behave as single
particle with a different mass called the reduced mass.

mr =
m1m2

m1 + m2
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Recall A Not-As-Complicated Example 15

The potential energy between a Na+ ion and a Cl− ion is

V (r) = −A

r
+

B

r2

where A = 24 eV − Å and B = 28 eV − Å2. Is the attractive part of V
consistent with the force between two point charges? Where is the
equilibrium point? What equation describes the ions’ separation near the
equilibrium point? What is the energy of the system? At t = 0, the
separation of the ions is 2.0 Å and their relative velocity is zero.
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We treated the vibrations of
the Na-Cl system as a single
harmonic oscillator with an
‘average’ mass.
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Angular Momentum 18
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Angular Momentum 23
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What is an Angle? 24
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The Differential Cross Section dσ/dΩ 26
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Relations Among Trigonometric Functions 27

Phase Relations for Trignometric Functions

sin (π − θ) = + sin θ sin
(
θ + π

2

)
= + cos θ

cos (π − θ) = − cos θ cos
(
θ + π

2

)
= − sin θ

tan (π − θ) = − tan θ tan
(
θ + π

2

)
= − cot θ

csc (π − θ) = + csc θ csc
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θ + π

2

)
= + sec θ

sec (π − θ) = − sec θ sec
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θ + π
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cot (π − θ) = − cot θ cot
(
θ + π

2

)
= − tan θ
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Choosing the Sign 28

Orbit Equation, l ≠ 0

Red - Minus sign on θ0

Blue - Plus sign on θ0

0 50 100 150
-100

-50

0

50

100

θ (deg)

r
(f

m
)

Jerry Gilfoyle Rutherford Scattering 14 / 41



More Relations Among Trigonometric Functions 29

Negative Argument Formulas for Trignometric Functions
sin (−θ) = − sin θ
cos (−θ) = + cos θ
tan (−θ) = − tan θ
csc (−θ) = − csc θ
sec (−θ) = + sec θ
cot (−θ) = − cot θ

Negative Argument Formulas for Inverse Trignometric Functions
arcsin (−x) = − arcsin (x)
arccos (−x) = π − arccos (x)
arctan (−x) = − arctan (x)
arccot (−x) = π − arccot (x)
arcsec (−x) = π − arcsec (x)
arccsc (−x) = −arccsc (x)
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Choosing the Sign 30

Orbit Equation, l ≠ 0
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Choosing the Sign 31

Orbit Equation, l ≠ 0

Red - Minus sign on θ0

Blue - Plus sign on θ0

Green - θs for -+

Black - θs for --

0 50 100 150
-100

-50

0

50

100

θ (deg)

r
(f

m
)

Jerry Gilfoyle Rutherford Scattering 17 / 41



Even More Relations Among Trigonometric Functions 32

Negative Argument Formulas for Trignometric Functions
sin (−θ) = − sin θ
cos (−θ) = + cos θ
tan (−θ) = − tan θ
csc (−θ) = − csc θ
sec (−θ) = + sec θ
cot (−θ) = − cot θ

Phase Relationships for Trignometric Functions
sin(π2 − θ) = + cos θ sin(θ + π) = − sin θ
cos(π2 − θ) = + sin θ cos(θ + π) = − cos θ
tan(π2 − θ) = + cot θ tan(θ + π) = + tan θ
csc(π2 − θ) = + sec θ csc(θ + π) = − csc θ
sec(π2 − θ) = + csc θ sec(θ + π) = − sec θ
cot(π2 − θ) = + tan θ cot(θ + π) = + cot θ
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Rutherford Scattering - The Problem 33

The experimental setup shown below is analogous to Rutherford’s used to
discover the nucleus. A beam of 6Li-nuclei is accelerated to an energy
Elab = 73.7 MeV in a cyclotron. It strikes a lead (208Pb) target scattering
6Li into a ∆E− E silicon detector. The plot shows the differential cross
section measured as a function of θ. (1) How do these results compare to
the Rutherford cross section? (2) What is the distance of closest approach
(DOCA) of the 6Li to the 208Pb target before the 6Li and 208Pb actually
collide?
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The Differential Cross Section dσ/dΩ 34
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The Plan:

1 Transform the Lagrangian to the
center-of-mass coordinate system.

2 Calculate the projectile trajectory for
Coulomb repulsion.

3 Relate b and θs .

4 Construct dσ/dΩ.

5 Get dσ/dΩ for random impact parameters.

6 Compare with data.

Simulation is here.
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6

z axis208

Li trajectory

Pb target

z

y

Jerry Gilfoyle Rutherford Scattering 21 / 41



What is an Angle? 37
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Solid Angle 39
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Solid Angle 40
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Solid Angle 41

Jerry Gilfoyle Rutherford Scattering 25 / 41



Solid Angle 42
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Solid Angle 43
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Solid Angle 44

dA = rdθ × r sin θdφ = r2 sin θdθdφ

dΩ = dA
r2 = sin θdθdφ
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Constructing The Differential Cross Section dσ/dΩ 47
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The Plan:

1 Transform the Lagrangian to the
center-of-mass coordinate system.

2 Calculate the projectile trajectory for
Coulomb repulsion.

3 Relate b and θs .

4 Construct dσ/dΩ.

5 Get dσ/dΩ for random impact parameters.

6 Compare with data.
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Rutherford Scattering - The Problem 49

The experimental setup shown below is analogous to Rutherford’s used to
discover the nucleus. A beam of 6Li-nuclei is accelerated to an energy
Elab = 73.7 MeV in a cyclotron. It strikes a lead (208Pb) target scattering
6Li into a ∆E− E silicon detector. The plot shows the differential cross
section measured as a function of θ. (1) How do these results compare to
the Rutherford cross section calculated with only the Coulomb force
active? (2) What is the distance of closest approach (DOCA) of the 6Li to
the 208Pb target before the 6Li and 208Pb actually collide?
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Rutherford Scattering - The Data 50

6Li+208Pb, Elab= 73.7 MeV
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Rutherford Scattering - The Results 51

6Li+208Pb, Elab= 73.7 MeV
Blue points - data
Red curve - σR
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Rutherford Trajectories 52

Rutherford trajectories for different
impact parameters
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Choosing the Sign 53

Orbit Equation, l ≠ 0

Red - Minus sign on θ0

Blue - Plus sign on θ0
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Rutherford Scattering Results From Rutherford 54
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Rutherford Scattering Results From Rutherford 55
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Constructing The Differential Cross Section dσ/dΩ 56
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Constructing The Differential Cross Section dσ/dΩ 57
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The Differential Cross Section 58

particle rate
scattered into
dA of detector

=
dNs

dt
∝

incident
beam
rate

×
areal
target
density

×
angular
detector
size

dNs

dt
∝ dNinc

dt
× ntgt × dΩ

dNs

dt
=

dσ

dΩ
× dNinc

dt
× ntgt × dΩ

dNinc

dt
=

∆Ninc

∆t
=

Ibeam
Ze

ntgt =
ρtgt
Atgt

NAVhit
1

abeam
=
ρtgt
Atgt

NALtgt

Ibeam - beam current
Z - beam charge

ρtgt - target density
Atgt - molar mass
Vhit - beam-target overlap
Ltgt - target thickness
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Areal or Surface Density of Nuclear Targets 59
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The Differential Cross Section 60

particle rate
scattered into
dA of detector

=
dNs

dt
∝

incident
beam
rate

×
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target
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×
angular
detector
size

dNs

dt
∝ dNinc

dt
× ntgt × dΩ

dNs

dt
=

dσ
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× dNinc

dt
× ntgt × dΩ

dNinc

dt
=

∆Ninc

∆t
=

Ibeam
Ze

ntgt =
ρtgt
Atgt

NAVhit
1

abeam
=

ρtgt
Atgt

NALtgt

dΩ =
dAdet

r 2
det

=
∆Adet

r 2
det

= sin θdθdφ

Ibeam - beam current
Z - beam charge

ρtgt - target density
Atgt - molar mass
Vhit - beam-target overlap
Ltgt - target thickness

dAdet - detector area
rdet - target-detector distance
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Constructing The Differential Cross Section dσ/dΩ 61
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The Plan:

1 Transform the Lagrangian to the
center-of-mass coordinate system.

2 Calculate the projectile trajectory for
Coulomb repulsion.

3 Relate b and θs .

4 Construct dσ/dΩ.

5 Get dσ/dΩ for random impact parameters.

6 Compare with data.
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Constructing The Differential Cross Section dσ/dΩ 62
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The Plan:

1 Transform the Lagrangian to the
center-of-mass coordinate system.

2 Calculate the projectile trajectory for
Coulomb repulsion.

3 Relate b and θs .

4 Construct dσ/dΩ.

5 Get dσ/dΩ for random impact parameters.

6 Compare with data.
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Plotting the Homework (no. 10) 63

Ecm = 23.65 MeV, 4He + 197Au (Blue)
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Plotting the Homework (no. 10) 64

Ecm = 23.65 MeV, 4He + 197Au (Blue)
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