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Linear Programming

Presentation for use with the textbook, Algorithm Design and 
Applications, by M. T. Goodrich and R. Tamassia, Wiley, 2015



Optimization Problems
q Optimization problems are common in the real 

world
n Ex. Maximize profit
n Ex. Minimize error, minimize cost

q In general, such problems have two 
components:
n A set of contraints that must be satisfied
n An objective function to maximize or minimize, 

subject to the contraints
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Example
q Web company want to buy new servers to 

replace outdated ones, and has two choices:
q Standard model

n Costs $400
n Uses 300W of power
n Takes two shelves of server rack
n Can handle 1000 hits/min

q Cutting-edge model
n Costs $1600
n Uses 500W of power
n Takes one shelf of server rack
n Can handle 2000 hits/min
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Example (cont.)
q Budget is $36,800
q Company has 44 shelves of server space
q Company has 12,200 Watts of power
q Question: How many units of each server 

should company purchase in order to 
maximize the number of hits it can serve every 
minute?

q Let x1 = number of standard server 
q Let x2 = number of cutting-edge server
q Goal: maximize 1000x1 + 2000x2 subject to 

contraints 4



Constraints:

q Cost: 400x1 + 1600x2 < 36,800

q Shelves: 2x1 + x2 < 44

q Power: 300x1 + 500x2 < 12200

q x1 > 0,  x2 > 0
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Problem Summary
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Solving optimization problems that have 
the above general form is known as linear programming.



Translating Problems into 
Linear Programs
q Determine the variables of the problem
q Find the quantity to optimize, and write it in 

terms of the variables
q Find all the constraints on the variables and 

write equations or inequalities to express 
these constraints
n Be sure to include any implicit constraints on the 

range of values of variables
n Make sure all equations are linear

q We will study the simplex method
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Formulating the Problem

q The function to maximize is called the objective 
function and the inequalities are called constraints.
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Matrix Notation
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Compact Matrix Notation
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Recall: Convex Region
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Geometry of Linear Programs
q Let us restrict ourselves to the two-

dimensional case:
n Each inequality constraint describes a 

half-plane, expressed as an infinite region 
to one side of a line. 

n So a point that is inside all of these half-
planes is a point that satisfies all the 
constraints. 

n We call such a point a feasible solution. 
n Intersections of half-planes have the 

shape of a convex polygon (Section 22.2). 
n We call this set the feasible region.
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Optimization
q We are interested in a feasible 

solution that optimizes the 
objective function. We refer to this 
feasible solution an optimal 
solution.

q For example, consider the 
objective function

c = 1000x1 + 2000x2.
q Applying this to previous 2-

dimensional constraints, 
optimization looks like a moving 
line that intersects the feasible 
region.
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The Simplex Method
q To solve a linear program using the simplex 

method, we must first rewrite the problem in 
a format known as slack form. 

q To convert a linear program from standard 
form into slack form, we rewrite each of the 
inequality constraints as an equivalent equality 
constraint. 

q This is done with the introduction of new 
variables, called slack variables, which are 
nonnegative and measure the difference in the 
original inequality.
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Slack Variables
q These are nonnegative variables that measure 

the difference between a quantity and its 
constraint.  
n This allows us to turn inequalities into equalities

q Example: Suppose we have the constraint      
2x – 5y < 28

q In slack form we can write this as                  
s = 28 – (2x – 5y)
n s is the slack variable here
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Slack Variables
q NOTE: It would be nice to denote our slack 

variables as “si”
q But in the simplex method (to come) we often 

denote them as additional “xi” variables.  
q Ex. Our problem might have variables x1 and

x2.  If we need three slack variables to turn 
constraints into inequalities, we might add 
slack variables x3, x4, and x5.
n This can be confusing, so be aware of it!
n Bottom line: some of the xi are ”original” to the 

problem and some are slack variables that have 
been added! 16



Slack Variables
q Bottom line: some of the xi are ”original” to 

the problem and some are slack variables that 
have been added!

q In effect, the xi are partitioned into two sets:
n B: the “basic” (slack) variables, and
n F: the “free” (original) variables

17



Slack Form
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Example
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Basic Solutions and Pivots
q We are interested in the basic solution of the slack 

form, which means we set all the free variables to 
zero and let the equality constraints determine the 
values of the basic variables.

q The simplex method works by rewriting the slack form 
until a basic solution becomes an optimal solution. 

q The operation we use to rewrite the slack form is 
called a pivot, which takes a free variable and a basic 
variable and interchanges their roles by rewriting the 
equality constraints and objective function.
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Example Pivot
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Note this is a correction.  Text is wrong.



An Extended Example
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An Extended Example
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An Extended Example, step 2
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An Extended Example, step 2
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An Extended Example, step 3
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An Extended Example, step 2
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An Extended Example, step 4
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An Extended Example, step 2
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The Simplex Algorithm
q We assume the input is given in slack 

form and that the basic solution is 
feasible.
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Another Simplex Example
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CMSC 315 32

Bellman-Ford Algorithm 
q Works even with negative-weight edges
q Must assume directed edges (for otherwise 

we would have negative-weight cycles)
q Iteration i finds all shortest paths that use i

edges.
q Running time: O(nm).
q Can be extended to detect a negative-weight 

cycle if it exists 
n We won’t discuss that
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Bellman-Ford Algorithm: Details 



CMSC 315 34
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Application of Linear 
Programming to Shortest Paths
q In the shortest-path problem, we have a source, s, and target, t, such 

that each edge, (u, v), has a weight, d(u, v), that represents the 
distance between two locations, u and v. The goal is to find the shortest 
path between the source, s, and target, t.

q We can formulate a linear program for this problem based on the setup 
and termination conditions for the Bellman-Ford algorithm. 

q We define for every vertex, v, a variable, dv, which should represent the 
shortest distance between s and v. The initialization, ds = 0, now 
becomes one of our constraints. 

q To pinpoint the correct value for dt, we use the termination condition of 
the Bellman-Ford algorithm—namely, that the triangle inequality holds 
for every edge. We want dt to be the largest value that satisfies these 
conditions. Thus, the corresponding linear program is the following:
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Maximum Matching
q We saw how to solve problems like this when we studied flow networks
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Recall How We Solved It
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But Consider…
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Duality
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Duality, continued
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Duality Example
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Another Duality Example
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So, How to Think About This
q Suppose a computer manufacturer claims it can meet the web 

company’s needs, and will do so by offering servers that will 
outperform the two types of server company is considering
n What the manufacturer is effectively offering is hits/min.  It needs to provide 

the web company with a sufficient number of hits/min to get contract
n BUT, hits/min are its resource, so minimizing the number of hits/min it offers 

(while still meeting requirements) effectively minimizes cost
q The manufacturer is given the resource available to the web 

company:
n $36,800, 44 server shelves, 12200 W of power.  

q Let us define new variables, whose units are (hits/min) per unit of 
resource
n y1 = (hits/min) per dollar
n y2 = (hits/min) per unit of shelving
n y3 = (hits/min) per Watt of power
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So, How to Think About This
q Let us define new variables, who units are (hits/min) per unit of 

resource
n y1 = (hit/min) per dollar
n y2 = (hits/min) per unit of shelving
n y3 = (hits/min) per Watt of power

q So, in order to meet or exceed the standard server, we need
400y1 + 2y2 + 300y3 > 1000.                       

q In order to meet or exceed the cutting-edge server, we need
1600y1 + y2 + 500y3 > 2000.  

q Note that each summand is giving hits/min
q Finally, we wish to minimize the hits/min required for this

36,800y1 + 44y2 + 12200y3

q It turns out that the minimum number of hits/min the 
manufacturer can get away with is equal to the maximum 
number of hits/min that the web company can achieve using the 
two types of server it had at its disposal! 
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Why The Dual?
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Well, the concept is used to prove, among other 
things, that the simplex method works.  

How is the dual used in the proof?


