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Population Mean: σ Known

Population Mean: σ Known

I A point estimator cannot be expected to provide the exact value of
the population parameter

I An interval estimate can be computed by adding and subtracting a
margin of error to the point estimate:

Point Estimate + /− Margin of Error

I The purpose of an interval estimate is to provide information about
how close the point estimate is to the value of the parameter
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Population Mean: σ Known

Population Mean: σ Known

I To develop an interval estimate of a population mean, the margin of
error must be computed using either

- the population standard deviation σ, or

- the sample standard deviation s

I σ is rarely known exactly, but often a good estimate can be obtained
based on historical data

I We refer to such cases as the σ known case
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Population Mean: σ Known

Population Mean: σ Known

I Let’s assume we want 95% confidence that the value of the sample
mean is within the margin of error

I By the central limit theorem, x̄ has a normal distribution

I We want to find a critical value (cv) such that:

P(|x̄ − µ| ≤ cv) = 95%

I This cv will give us the margin of error
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Population Mean: σ Known

Population Mean: σ Known

I Interval estimate of µ
x̄ ± zα/2

σ√
n

where:

x̄ is the sample mean

1− α is the confidence level

zα/2 is the z value providing an area of α/2 in the lower tail of the
standard normal distribution

σ is the population standard deviation

n is the sample size
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Population Mean: σ Known

Population Mean: σ Known

I Adequate Sample Size

- In most applications, a sample size of n ≥ 30 is adequate

- If the population distribution is highly skewed or contains outliers, a
sample size of 50 or more is recommended
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Population Mean: σ Unknown

Population Mean: σ Unknown

I In many cases, the population standard deviation σ is unknown

I We use the sample standard deviation s to estimate σ

I This is the σ unknown case

I In this case, the interval estimate for µ is based on the t distribution

C. Hurtado (UR) Interval Estimation 7 / 30



Population Mean: σ Unknown

Population Mean: σ Unknown

I The t distribution is a family of similar probability distributions

I A specific t distribution depends on a parameter known as the
degrees of freedom

I Degrees of freedom refer to the number of independent pieces of
information that go into the computation of s

I As the degrees of freedom increase, the difference between the t
distribution and the standard normal probability distribution becomes
smaller and smaller
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Population Mean: σ Unknown

Population Mean: σ Unknown

I For more than 100 degrees of freedom, the standard normal z value
provides a good approximation to the t value

I The standard normal z values can be found in the infinite degrees row
(labeled ∞ ) of the t distribution table
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Population Mean: σ Unknown

Population Mean: σ Unknown

I Interval estimate of µ
x̄ ± tα/2

s√
n

where:

x̄ is the sample mean

1− α is the confidence level

tα/2 is the t value providing an area of α/2 in the upper tail of the t
distribution with n-1 degrees of freedom

s is the sample standard deviation

n is the sample size
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Population Mean: σ Unknown

Example: Population Mean and σ Unknown

I Credit card debt for the population of US households

I The credit card balances of a sample of 70 households provided:

I a mean credit card debt of $9,312

I with a sample standard deviation of $4,007

I What is the 95% confidence interval estimate of the mean credit card
debt for the population of US households?
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Population Mean: σ Unknown

Example: Population Mean and σ Unknown

I At 95% confidence, α = 5%, and α/2 = 2.5%
I We need the t0.025 with n − 1 = 69 degrees of freedom
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Population Mean: σ Unknown

Example: Population Mean and σ Unknown

I The 95% confidence interval for the mean credit card debt is

x̄ ± t0.025
s√
n

or
9, 312± 1.9954, 007√

n = 9, 312± 955

I In other words: We are 95% confident that the mean credit card debt
for the population of US households is between $8357 and $10267

C. Hurtado (UR) Interval Estimation 16 / 30



Population Mean: σ Unknown

Population Mean: σ Unknown

I Adequate Sample Size

- In most applications, a sample size of n ≥ 30 is adequate

- If the population distribution is highly skewed or contains outliers, a
sample size of 50 or more is recommended
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Population Mean: σ Unknown

Summary
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Determining the Sample Size

Determining the Sample Size

I Let E denote the desired margin of error

I E is the amount added to and subtracted from the point estimate to
obtain an interval estimate

I If a desired margin of error is selected prior to sampling

- We can determine the sample size necessary to satisfy E!
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Determining the Sample Size

Determining the Sample Size

I Margin of Error
E = zα/2

σ√
n

I Necessary Sample Size
n =

(
σzα/2

E

)2
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Determining the Sample Size

Determining the Sample Size

I The Necessary Sample Size equation requires a value for the
population standard deviation σ

I If σ is unknown, a preliminary or planning value for s can be used in
the equation

1. Use the estimate of the population standard deviation computed in a
previous study

2. Use a pilot study to select a preliminary study and use the sample
standard deviation from the study

3. Use judgment or a “best guess” for the value of σ
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Population Proportion

Population Proportion

I The general form of an interval estimate of a population proportion is:

p̄ ± E

I The sampling distribution of p̄ plays a key role in computing the
margin of error for this interval estimate

I The sampling distribution of p̄ can be approximated by a normal
distribution whenever np ≥ 5 and n(1–p) ≥ 5
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Population Proportion

Population Proportion

I The unbiased estimator of p is p̄, hence

p̄ ± zα/2

√
p̄(1− p̄)

n

where:

p̄ is the sample estimator of the proportion

1− α is the confidence level

zα/2 is the z value providing an area of α/2 in the lower tail of the
standard normal probability distribution

n is the sample size
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Population Proportion

Sample Size and Population Proportion

I Margin of Error

E = zα/2

√
p̄(1− p̄)

n

I Solving for the necessary sample size n, we get

n =
(zα/2

E

)2
p̄(1− p̄)

I However, p̄ will not be known until after we have selected the sample.

I We will use the planning value p∗ for p̄
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Population Proportion

Sample Size and Population Proportion

I Necessary Sample Size

n =
(zα/2

E

)2
p∗(1− p∗)

I The planning value p∗ can be chosen by
1. Using the sample proportion from a previous sample of the same or

similar units, or
2. Selecting a preliminary sample and using the sample proportion from

this sample
3. Using judgment or a “best guess” for a p∗ value
4. Otherwise, using p∗ = 0.5

C. Hurtado (UR) Interval Estimation 26 / 30



Population Proportion

Example: Population Proportion

I Survey of women golfers

I A national survey of 900 women golfers was conducted to learn how
women golfers view their treatment at golf courses in United States

I The survey found that 396 of the women golfers were satisfied with
their treatment at golf courses

I What is the 95% confidence interval for the proportion of women
golfers satisfied with their treatment at golf courses?
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Population Proportion

Example: Population Proportion

I Survey of women golfers

p̄ ± zα/2

√
p̄(1− p̄)

n

where: n = 900, p̄ = 396/900 = 0.44, and zα/2 = 1.96

I The 95% confidence interval is:

0.44± 1.96
√

0.44(1− 0.44)
900 = 0.44± 0.0324

I Survey results enable us to state with 95% confidence that between
40.76% and 47.24% of all women golfers are satisfied
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Population Proportion

Example: Population Proportion

I Survey of women golfers

I Suppose the survey director wants to estimate the population
proportion with a margin of error of 0.025 at 95% confidence

I How large a sample size is needed to meet the required precision?

I Note: A previous sample of similar units yielded 0.44 for the sample
proportion
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Population Proportion

Example: Population Proportion

I Survey of women golfers

E = zα/2

√
p∗(1− p∗)

n = 0.025

I At the 95% confidence, z0.0125 = 1.96. We know that p∗ = 0.44

n =
(zα/2

E

)2
p∗(1− p∗) =

( 1.96
0.025

)2
0.44(0.56) = 1, 514.5

I A sample of 1, 515 is needed to reach a desired precision of ± 0.025
at 95% confidence
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