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Continuous Probability Distributions

Continuous Probability Distributions

I A continuous random variable can assume any value in an interval on
the real line or in a collection of intervals

I It is not possible to talk about the probability of the random variable
assuming a particular value

I Instead, we talk about the probability of the random variable
assuming a value within a given interval
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Continuous Probability Distributions

Continuous Probability Distributions

I The probability of the random variable assuming a value within some
given interval from x1 to x2 is:

By definition:

- the area under the probability density function between x1 and x2
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Uniform Probability Distribution

Uniform Probability Distribution

I A random variable is uniformly distributed whenever the probability is
proportional to the interval’s length

I The probability density function is:

f (x) =
{ 1

b−a if a ≤ x ≤ b
0 elsewhere

where

a= smallest value the variable can assume

b= largest value the variable can assume
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Uniform Probability Distribution

Uniform Probability Distribution
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Uniform Probability Distribution

Uniform Probability Distribution

I Expected Value of X
E (x) = a + b

2

I Variance of x
Var(x) = (b − a)2

12
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Uniform Probability Distribution

Example: Uniform Probability Distribution

I Flight time of an airplane traveling from Chicago to New York

I Suppose the flight time can be any value in the interval from 120
minutes to 140 minutes
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Uniform Probability Distribution

Example: Uniform Probability Distribution

I Uniform Probability Density Function

f (x) =
{ 1

20 if 120 ≤ x ≤ 140
0 elsewhere

where:

x = Flight time of an airplane traveling from Chicago to New York
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Uniform Probability Distribution

Example: Uniform Probability Distribution

I Expected Value of X

E (x) = a + b
2

= 120 + 140
2

= 130

I Variance of x

Var(x) = (b − a)2

12

= 202

12
= 33.3
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Uniform Probability Distribution

Example: Uniform Probability Distribution

I What is the probability of a flight time between 120 and 130 minutes?

I Mathematically:
P(120 ≤ x ≤ 130) =?
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Uniform Probability Distribution

Example: Uniform Probability Distribution

I What is the probability of a flight time between 120 and 130 minutes?

I Graphically:
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Normal Probability Distribution

Normal Probability Distribution

I The normal probability distribution is the most important distribution
for describing a continuous random variable

I It is widely used in statistical inference

I Abraham de Moivre, a French mathematician, published The Doctrine
of Chances in 1733. He derived the normal distribution
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Normal Probability Distribution

Normal Probability Distribution

I Normal Probability Density Function

f (x | µ, σ2) = 1√
2πσ2

e− (x−µ)2

2σ2

where:

µ= Mean

σ= Standard Deviation
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Normal Probability Distribution

Normal Probability Distribution

I Characteristics:

- The distribution is symmetric; its skewness measure is zero

- The entire family of normal probability distributions is defined by:

its mean µ, and

its standard deviation σ

- The highest point on the normal curve is:

at the mean,

which is also the median,

and mode
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Normal Probability Distribution

Normal Probability Distribution
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Normal Probability Distribution

Normal Probability Distribution

I Characteristics:
- basis for the empirical rule
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Normal Probability Distribution

Normal Probability Distribution
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Normal Probability Distribution

Normal Probability Distribution

I Characteristics:

- The mean can be any numerical value:

negative,

zero,

or positive
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Normal Probability Distribution

Normal Probability Distribution

I Characteristics:

- The standard deviation determines the width of the curve:

larger values result in wider, flatter curves

C. Hurtado (UR) Continuous Probability 18 / 28



Normal Probability Distribution

Normal Probability Distribution

I Characteristics:
- Probabilities for the normal random variable are given by areas under

the curve
- The total area under the curve is 1

.5 to the left of the mean

.5 to the right of the mean
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Normal Probability Distribution

Normal Probability Distribution

I Characteristics:

- Standard Normal Probability Distribution: A random variable having a
normal distribution with a mean of 0 and a standard deviation of 1

- The standard normal probability distribution is:

f (Z ) = 1√
2π

e− Z2
2

I To convert a normal random variable, x , into a standard normal
random variable,Z , we transform:

Z = x − µ
σ
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Normal Probability Distribution

Normal Probability Distribution

I Wait, what? Isn’t it the z-score?

I Yes, it is the z-score but for a normal random variable

I We can think of Z as:

- a measure of the number of:

the number of standard deviations that x is from the mean µ
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Normal Probability Distribution

Normal Probability Distribution

I How do we get the probabilities of a Z standard normal probability
distribution?

I We use the z-table

C. Hurtado (UR) Continuous Probability 22 / 28



Normal Probability Distribution
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Normal Probability Distribution

Normal Probability Distribution

I The z-table gives us the cumulative probability: P(z < a) = P(z ≤ a)
I Useful Values of the z-table

* P(z < −2.01) = P(z ≤ −2.01) = 2.22%
* P(z < −1.64) = P(z ≤ −1.64) = 5.05%
* P(z > 2.01) = P(z ≥ 2.01) = 2.22% (Why?)
* P(z > 1.64) = P(z ≥ 1.64) = 5.05% (Why?)

I Implications:
- If Z = −2.01 =⇒ P-value = 2.22%
- If Z = 2.01 =⇒ P-value = 2.22%
- If Z = −1.64 =⇒ P-value = 5.05%
- If Z = 1.64 =⇒ P-value = 5.05%

I Useful formula for symmetric distributions:

P(x1 ≤ z ≤ x2) = P(x1 < z < x2) = P(z < x2)− P(z < x1)
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Normal Probability Distribution

Example: Normal Probability Distribution

I Grear Tire Company Problem

I The company has developed a new tire to be sold through a chain of
discount stores

I Before finalizing the tire mileage guarantee policy, the manager wants
probability information about the number of miles of tires will last

I It was estimated that the mean tire mileage is 36,500 miles with a
standard deviation of 5,000

I The manager now wants to know the probability that the tire mileage
x will exceed 40,000
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Normal Probability Distribution

Example: Normal Probability Distribution

I Grear Tire Company Problem
I Solving for the probability

1. What is the question? P(x > 40, 000)
2. Convert x to standard normal distribution

P
(

x − µ
σ

>
40, 000− µ

σ

)
P
(

Z >
40, 000− 36, 500

5, 000

)
P(Z > 0.7)

3. Find the area under the standard normal curve to the right of Z = 0.7
(How?)
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Normal Probability Distribution

Example: Normal Probability Distribution

I Grear Tire Company Problem

I What should be the guaranteed mileage if Grear wants no more than
10% of tires to be eligible for the discount guarantee?

1. Find the z value that cuts off an area of 10% in the left tail of the
standard normal distribution

2. From the table we see that z = -1.28 cuts off an area of 0.1 in the
lower tail

3. Solve for x to get x=36,500 - 1.28 (5,000) = 30,100
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