Calculus refresher

Disclaimer: I claim no original content on this document, which is mostly a summary-rewrite of what any
standard college calculus book offers. (Here I've used Calculus by Dennis Zill.) T consider this as a brief
refresher of the bare-bones calculus requirements we will be using during the course. No exercises are offered:
any calculus book provides an insane amount of practice problems.

1. RULES OF DIFFERENTIATION: BASICS

In what follows, let f(x) be a one-variable function, and denote its derivative by f’(x). The standard
differentiation rules are the following:

Theorem 1.1 (The Power Rule, 1). Let n be a positive integer. Then

d
dx
Example 1.2. The derivative of y = z* is given by

["] = na" L. (1)

dy _
dr

Theorem 1.3 (Derivative of a constant function). If f(x) =k and k is a constant, then f'(z) = 0.

4471 = 443,

Theorem 1.4 (Derivative of a constant multiple of a function). If ¢ is any constant and f is a differentiable
function, then

d :
~fef (@) = cf (@), 2

Example 1.5. Following theorems 1.1 and 1.4, the derivative of y = 32° is given by:

dy _
dr
Theorem 1.6 (The Sum Rule). Let f and g be two differentiable functions. Then

d
3. %aﬁ = 3(52%) = 152*.

d
@) +9(@)] = f'(@) + ' (2). (3)
Example 1.7. From theorems 1.1. and 1.6, the derivative of y = 2* + 23 is:

dy d 4 d 4 3 2
- = — —x° =4 .
dx dxx +dxx &+ 3z

Theorem 1.8 (The Product Rule). If f and g are differentiable functions, then

%[f (z)g(x)] = f(2)g'(x) + g(2) f'(2). (4)

Example 1.9. The differential of y = (23 — 222 + 4)(822 + 5z) is:

dy

T = ($3—2I2—|—4)-i(8$2—|—5$)+(81‘2+51‘)-i(l‘3—21‘2+4)

dx dz
= (2% =222 + 4)(162 + 5) + (822 + 52) (32 — 4x).

Theorem 1.10 (The Quotient Rule). If f and g are differentiable functions, then

d [f(w)] 9(@)f'(x) — f(x)g'(x)

dx | g(x)



2

Example 1.11. The differential of y = % is:
dy (22 +52°+7)- L(32° 1) — (32° — 1) - (227 +52° +7)
dx (223 + 522 + 7)2
(223 + 522 4+ 7) - (6z) — (3% — 1) - (62 + 10z)
(223 + 5a2 +7)2
—62* + 622 + 52x
(223 4+ 5a2 +7)2

Theorem 1.12 (The Power Rule, 2). If n is a positive integer, then
-n —n—1

— —_ — . 6

e = —na (6)

Example 1.13. The derivative of y = 52% — J; is (after rewriting y as 5a® — z7%):

dy 2 -5 2 4

— =53z — (-4 =15 —.

Ir T (=4d)z x° + o

2. RULES OF DIFFERENTIATION: THE CHAIN RULE

Theorem 2.1 (The Power Rule for Functions). If n is an integer and g is a differentiable function, then

g = nlgf)" g/ () @

Example 2.2. Let y = (22° + 4z + 1)*. If g(x) = (223 + 42 + 1) and n = 4, then from Theorem 2.1 it
follows that

dy 3 3 d
Y 4(22% 44z + 1
i Gl

dx
Theorem 2.3 (The Chain Rule). Ify = f(u) is a differentiable function of u and u = g(x) is a differentiable
function of x, then

(223 +4x 4+ 1) = 4(22% + 42 +1)3(62% + 4).

W Pl o @) )

Example 2.4. From the rules of differentiation of trigonometric functions, it is true that:

4 [sinu] = cos ut
dzx B ’

dx

Let y = (923 + 1)?sin 5. Then, the derivative of y can be obtained first by applying Theorem 1.8:

dy _

d d .
7 (923 +1)%— sin 5z + sin 5z —— (92% + 1)?,
T

dx dx

followed by applications of theorems 2.1 and 2.2:

dy

i (923 +1)% - 5cos br + sin 5z - 2(92% + 1) - (2727)
X

= (92% +1)(452° cos 5z + 5422 sin 5z + 5 cos 5x).



3. HIGHER-ORDER DERIVATIVES

Definition 3.1 (The Second Derivative). The derivative f/(z) is a function derived from a function y = f(z).
By differentiating the first derivative f’(z), we obtain yet another function called the second derivative,
denoted by f”(z). In terms of the operation symbol %:

A (dy
de \ dx |’
no d2y

Alternative notation for the second derivative is given by: f”(z), y”, 5%, and D2y.

Example 3.2. To calculate the second derivative of y = 23 — 222, first we obtain %:

dy

pi 32? — 4.
Then, the second derivative is:
d? d
d—xg = £(3x2 —4z) = 62 — 4.

Remark 3.3. Higher-order derivatives are obtained analogously: the third derivative is the derivative of
the second derivative; the fourth derivative is the derivative of the third derivative, and so on. A standard
notation for the first n derivatives is (among others) f'(z), f"(x), f"(z), f P (z),..., f™ ().

Example 3.4. The first five derivatives of the polynomial f(x) = 2z* — 62 + 722 + 5z — 10 are given by:

f(x) 823 — 1822 + 142 + 5,
f'(x) = 242% — 36z + 14,
f"(z) = 48z — 36,

fW (@) = 48,
fP) = o0

4. EXTREMALS OF FUNCTIONS

Definition 4.1 (Absolute extremals). Let f be a real-valued function. The absolute extremals of f are
defined as follows:

(a) A number f(¢) is an absolute maximum if f(x) < f(¢) for every z in the domain of f.

(b) A number f(c) is an absolute minimum if f(x) > f(c) for every x in the domain of f.

Theorem 4.2 (The Extreme Value Theorem). A continuous function f defined on a closed interval [a, b]
always has an absolute maximum and an absolute minimum on the interval.

Definition 4.3 (Critical point). A critical point of a function f is a number ¢ in its domain for which
7'(c) =0,
Example 4.4. To find the critical points of f(x) = 23 — 152 + 6, we obtain the first derivative f/(x):

f'(x) = 32% — 15 = 3(z + V5)(z — V5).

Hence, the critical points are those numbers for which f/(x) = 0, namely, —/5 and /5.

Theorem 4.5. If f is continuous on a closed interval [a,b], then an absolute extremum occurs either at an
endpoint of the interval or at a critical point in the open interval (a,b).

Remark 4.6. The previous theorem says that any absolute extremum must occur in an endpoint or in
a critical point. This is not the same as assuming that because we have a critical point, it must be an
extremum! Second-order conditions should be checked to verify that we have a minimum or maximum.
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Example 4.7. Let f(x) = 23 — 322 — 242 + 2 be defined on the intervals [—3, 1] and [-3,8]. To find the
absolute extremals, first we obtain f/(z):

f(x) = 32% — 62 — 24 = 3(x + 2)(x — 4),

and it follows that the critical points of the function are -2 and 4. Simple calculations show that for the
interval [—3, 1], the absolute maximum is f(—2) = 30, and the absolute minimum is the endpoint extremum
f(1) = —24. For the interval [—3, 8], the absolute minimum is f(4) = —78, while the absolute maximum is
reached at the endpoint extremum f(8) = 130.

5. THE NATURAL LOGARITHMIC FUNCTION

Definition 5.1 (The Natural Logarithmic Function). The natural logarithmic function, denoted by Inz," is
defined by:

Inz = — (9)

for all z > 0.

Theorem 5.2 (The Derivative of the Natural Logarithm). The derivative of Inx is given by:

d 1
%[lnx] = (10)

for all x > 0.

Theorem 5.3 (Laws of the Natural Logarithm). Let a and b be positive real numbers and let t be a rational
number. Then:

(a) Inab=1na+ Inb.
(b) Ing =Ina—1Inb.
(¢) Ina =tlna.

Example 5.4. To obtain the derivative of y = In(2z — 3), note that for 2z — 3 > 0, we have from Theorem
7.2:

dy 1 d 2
= 20 —3) = ——.
(22 ) 2 — 3

dr ~ 2x—3dx

6. THE EXPONENTIAL FUNCTION

Definition 6.1 (The Natural Exponential Function). The natural exponential function is defined by:
y=-expz ifandonlyif z=Iny. (11)

For any real number z, e* = expz.

Theorem 6.2 (Laws of Exponents). Let r and s be any real numbers and let t be a rational number. Then:
(a) eV =1.

(b) el =e.

(c) e"e® = et

(d) rT— S

(e)

(f)

o ®d 0o
503

s = €
ert
T)

7 [v)

('b

1Usually the symbol Inx is pronounced “ell-en of z”



ot

Theorem 6.3 (The derivative of the exponential function). The derivative of y = expx is given by:

%[ez] =e”. (12)

Using the Chain Rule, we can generalize the above to

d. ., L au
el — et = 13
dx ("] = dx’ (13)
where u = g(x) is a differentiable function.
Example 6.4. The derivative of y = ¢** is given by:
dy 4w d
— = T, 4
dx ¢ da;( ?)
= '(4)

4641'

7. PARTIAL DIFFERENTIATION

Remark 7.1 (Partial differentiation). Let z = f(z,y). To compute 9z/0x, use the laws of ordinary differ-
entiation while treating y as a constant. To compute 9z/dy, use the laws of ordinary differentiation while
treating x as a constant.

Remark 7.2. If z = f(z,y), alternative notation for partial derivatives is 9z/0x = 0f/0x = z, = f, and
similarly, 0z/0y = 0f /0y = zy = fy.

Example 7.3. Let z = 423y? — 422 4+ 9% + 1. The partial derivatives of z with respect to = and y are given
by:

0z

% 122%y% — 8z
0
%2 8aBy 160
Ay

Theorem 7.4 (Equality of Mixed Partials). Let f be a function of two variables. If fy, fy, fay, and fyz are
continuous on an open region R, then fyy = fy. at each point of R.

Example 7.5. Consider the partial derivatives obtained in Example 7.3. The continuity conditions of
Theorem 7.4 are satisfied in this case, so it should be that f,, = fy; this is so since

8%z
= 2427
Oz Jy vy
62
S 24x%y.

Oy Ox



