Phil 251 - Elementary Symbolic Logic

Final Exam - Solutions to Extra Derivations

For each of the following construct a proof demonstrating that the validity claim holds.

1. {(Vz)(~ FaVv ~ Gz),Fa} b~ (Vz)(~ Fz V Gz)
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(Vx)(~ FazVv ~ Gzx)

Fa

~ FaVv ~ Ga

NNFa

~ Ga

~~ Fa& ~ Ga
~ (~ FaV Ga)

Assumption

Assumption

1, VE
2, DN
3,4, VE
4,5, &I
6, DeM

(Fz) ~ (~ Fz vV Gx) 7, dl

~ (Vz)(~ Fz vV Gz)

8, QN

2. {(Vx)(Fz D Gx),FmV Fn} F (32)Gz
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(Vz)(Fz D Gx)

FmV Fn

~ (3z)Gx
(Vz) ~ Gz

Fm > Gm

~Gm

~ Fm

Fn

Fn > Gn

Gn

~ Gn
(3z)Gx

Assumption
Assumption
Assumption
3, QN

1, VE

4, VE

5, 6, MT
2,7, VE

1, VE

8,9, DE

4, VE

3-11, ~E

3. {(Vx)(Gx D (Fy) ~ Kzy), (Fx)(Fz&(Vy)Kzy)} +
(Fz)(Fax& ~ Gx)

—
o

11
12
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(Vz)(Gz O (Jy) ~ Kwy)
(F)(Fa&e(Vy)Kzy)
(Fa&(Vy)Kay)

Ga D (Fy) ~ Kay

(Vy)Kay
~~ (Vy) Kay

~ (3y) ~ Kay

~ Ga
Fa
Fa& ~ Ga

(Fz)(Fx& ~ Gr)
(Fz)(Fx& ~ Gx)

Assumption
Assumption
Assumption
1, VE

3, &E

5, DN

6, QN

4,7, MT

3, &E

8,9, &I

10, I

2, 3-11, JE

4. {(V2)[(Fx = Hz) D Gzx]} + (Va)(~ Fa& ~ Hz) D

(

Va)Gx
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(Vz)[(Fz = Hz) D Gz
(Vz)(~ Fz& ~ Hz)
~ Fa& ~ Ha
[(Fa = Ha) D Gd]

Assumption

Assumption

2, VE
1, VE

(Fa&Ha)V (~ Fa& ~ Ha) 4, VI

Fa=Ha
Ga
(Vz)Gx

5, Equiv
4,6, DE
7, V1

(Va)(~ Fz& ~ Hzx) D (Vx)Gz 2-8, DI



5. {(Vx)[Az D (Vy)(By D Czy)], Am&Bn} - Cmn
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(Vz)[Az D (Vy)(By D Czy)] Assumption

Am&Bn Assumption
Wy > Cmy) 1, VE

Am 2, &E

(Vy)(By > Cmy) 34, OE

Bn D> Cmn 5, VE

Bn 2, &E

Cmn 6,7, DE

6. {(Vy)(My D Ay), (Fy)(Cy&My)} = (3y)(Cy&Ay)
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(Vy)(My O Ay)

(3y)(Cy&My)

Ca&Ma

Ma

Ma D> Aa

Aa

Ca

Ca&Aa

(Fy)(Cy&Ay)
(Fy)(Cy&Ay)

Assumption
Assumption
Assumption
3, &E

1, VE

4,5, DE

3, &E

6, 7, &I

8, dI

2,39, =E

7. {(Vx)(Ax V Bz), (Vx)(Bz D Ax)} + (Vo) Ax
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(Vx)(Az V Bzx)

(Vz)(Bx D Ax)

AaV Ba

Ba D Aa
~n~ AaV Ba
~ Aa D Ba
~ Aa D Aa
~r~ AaV Aa
AaV Aa

Aa

(Vo)Ax

Assumption
Assumption
1, VE

2, VE

3, DN

5, Imp

4, 6, HS

7, Imp

8, DN

9, Idem

10, VI

8. F (Vz)(Vy)[(Fz D Fy) = (FyV ~ Fx)]

Fa > Fb Assumption
~ FaV Fb 1, Imp
Fbv ~ Fa 2, Com
Fbv ~ Fa Assumption
~ FaV Fb 4, Com
Fa > Fb 5, Imp
(Fa D Fb) = (FbV ~ Fa) 1-3, 4-6, =1
(Vy)[(Fa D Fy) = (FyV ~ Fa)) 7, VI

(Vz)(Vy)[(Fx D Fy) = (FyV ~ Fx)] 8, VI

9. {(Vy)(Jy D (Ky&Ly)),(3z) ~ Kz} F (Fz) ~ Jz
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(Vy)(Jy O (Ky&Ly))

(3x) ~ Kz

~ Ka

Ja D (Ka&La)

~ KaV ~ La

~ (Ka&La)

~ Ja

(Fz) ~ Jz
(Fz) ~ Jz

Assumption
Assumption
Assumption
1, VE

3, vI

5, DeM
4,6, MT

7, dl

2, 3-8, =E



10. {(3x)Fz D

(Va)Az} F (Vz)(Fz D Ax)
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(3x)Fz D (Fz)(Bx&Cx)
(3z)(Cx Vv Dz) D (Vr)Ax

Fa
(Jz)Fz
(3z)(Bx&Cx)
Bb&Cb
Cb
Cbv Db
(3z)(Cx Vv Dx)
(3z)(Cx Vv Dx)
(Va)Ax
Aa
Fa> Aa
(Vz)(Fz D Ax)

(3x)(Bx&Cx), (Fz)(Cx V Dz) D

Assumption
Assumption
Assumption
3,31l

1,4, DE
Assumption
6, &E

7, VI

8, I

5, 6-9, JE
2, 10, DE
11, VE
3-12, oI
13, VI

11. {(Vz)Fz D (3z)Gx, (Vx) ~ Gz} + (Fz) ~ Fz
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(Vz)Fz D (3z)Gx

(Vz) ~ Gz

~ (3x)Gzx
~ (Vz)Fx
(3z) ~ Fzx

Assumption
Assumption
2, QN

1,3, MT

4, QN

12. {(Vz)(Az& ~

Bzxz) D

Bz)} b~ (Va)Ax
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11
12
13
14
15
16

(Vx)(Az& ~ Bx) D
~ (3z)(Cx Vv Bx)

(Vz) ~ (Cz Vv Bx)
~ (CaV Ba)
~ Ca& ~ Ba
~ Ca
(Vx) ~ Cx
~ (dz)Cx
(Va)Ax
Aa
~ Ba
Aa& ~ Ba
(Vz)(Az& ~ Bz)
(Fz)Cx
~ (3z)Cx
~ (Va)Ax

(Fx)Cx, ~

(Fx)Cx

(Fx)(Czx Vv

Assumption
Assumption
2, QN

3, VE

4, DeM

5, &E

6, VI

7, QN
Assumption
10, VE

5, &B

10, 11, &E
12, vI

1,13, DE
8, R

8-15, ~I



13. {(3z)(Jy)Rzy, (Vx)(Vy)(Rzy D (Vz)Rxz), Vr)((Vz)RzdD {(Vz)Az = (3z)(Bx&Cz), (Vx)(Cx D Bx)} +
(Vy)Ryx)} - (Vo) (Vy) Rey (Vz)Az = (z)Cx

1 (3z)(Jy) Rzy Assumption 1 (Vz)Az = (3z)(Bz&Cx) Assumption
2 (Vz)(Vy)(Rzy D (Vz)Rrz) Assumption 2 (Vz)(Cx D Bx) Assumption
3 (Vz)((Vz)Rxz D (Vy)Ryx) Assumption 3 (Vz)Ax Assumption
4 (Jy)Ray Assumption 4 (Fz)(Bx&Cx) 1,3, =E
5 Rab Assumption 5 (Ba&Ca) Assumption
6 (Vy)(Ray D (Vz)Raz) 2, VE 6 Ca 5, &E
7 Rab O (Vz)Raz 6, VE 7 (Fz)Cx 6, 1
8 (Vz)Raz 5,7, DE 8 (Fz)Cx 4, 5-7, JE
9 (Vz)Raz O (Vy)Rya 3, VE 9 (Fx)Cx Assumption
10 (Vy)Rya 8,9, DE 10 Ch Assumption
11 (Vy)(Rey D (Vz)Rez) 2, VE 11 Cb D Bb 2, VE
12 Rea D (Vz)Rez 11, VE 12 Bb 10, 11, DE
13 Rea 10, VE 13 Bb&Ch 10, 12, &I
14 (Vz)Rcez 12, 13, DE 14 (3z)(Bz&Cx) 13, 31
15 (V2)Rez 4, 5-14, I 15 (3z)(Bx&C'z) 9,10-14, 3E
16 (V2)Rez 1,415, 3E 16 (Vz) Az 1,15, =E
17 Red 16, VE 17 (Vz)Az = (32)Cx 3-8, 9-16, =1
8 (Vo) Rey 1 15. {(3z) ~ Az V (3x) ~ Bz, (Vz)Ba} b~ (V) Az
19 (Vx)(Vy)Rxy 18, VI
1 (3x) ~ Az Vv (3z) ~ Bx Assumption
2 (Vz)Bx Assumption
3 ~r (Va)Bx 2, DN
4 ~ (3z) ~ Bz 3, QN
5 (Jz) ~ Ax 1,4, VE
6 ~ (Vz)Azx 5, QN




16.

17.

F (Vo)(Az&(Jy) ~ Bay) =~ (Jz)[~ Az Vv
(Vy)(Bry&Bay)]
1 (Va)(Az&(Jy) ~ Bry)
2 (V) (~~ Az&(3y) ~ Bzy)
3 (V) [~~~ Ax&(Fy)(~ BaxyV ~ Bzy)]
4 (V) [~~~ Ax&(Ty) ~ (Bry&eBry)]
5 (V) [~~~ Axd& ~ (Vy)(Bay& Bry)]
6 (Vz) ~ [~ Az V (Vy)(Bry&Bay)|
7 ~ (Jz)[~ Az v (Vy)(Bry& Bry)]
8 ~ (3z)[~ Az Vv (Vy)(Bry&Bry)
9 (V) ~ [~ Az V (Vy)(Bry&Bry))
10 (V) [~ Axde ~ (Vy)(BayéeBay)]
11 (V) [~~~ Ax&(Ty) ~ (Bry&Bry)]
12 (V) [~~~ Ax&(Ty)(~ BryV ~ Bry))
13 (V) (~~ Az&(3y) ~ Bzy)
14 (Vo) (Az&(3y) ~ Bry)
15 (V) (Az&(Jy) ~ Bry) =~ (Fz)[~ Az V (Vy)(Bry&Bry)]

{(V2)[(Az&Bz) D Czl,~

(Vx)Bx
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e e e
(G2 BNV V=)

(V2)[(Az&Bz) O Cz]

|~ (e > O

(3z) ~ (Ax D Cx)
~ (Aa D Ca)
~ (~AaV Ca)
~e Aok ~ Ca
~ Ca
(Aa&Ba) D Ca
~ (Aa&Ba)
~ AaV ~ Ba
~~ Aa
~ Ba
(3z) ~ Bz

(3z) ~ Bz

~ (Vz)Bx

(Vz)(Az D Cx)} F~

Assumption
Assumption
2, QN
Assumption
4, Imp

5, DeM

6, &E

1, VE

7,8, MT

9, DeM

6, &E

10, 11, VE
12, 1

3, 4-13, JE
14, QN

Assumption
1, DN

2, Idem

3, Dem

4, QN

5, DeM

6, QN
Assumption
8, QN

9, DeM

10, QN

11, DeM
12, Idem
13, DN

1-7, 8-14, =I



18. {(Vz)(Ty)Azy D

Buay} b~ (3z)(Vy) Azy
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19. {(32)[Az&(Vy)(By D Cay)]} F

(Fy) (Ay&Cyx)]
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(3z)[Az&(Vy)(By D Czy)]
[Aa&(Vy)(By O Cay)]

Bb

(Vy)(By D Cay)
Bb D Cab

Cab

Aa

Aa&Cab
(Jy)(Ay&Cyb)

Bb D (Jy)(Ay&Cyb)

Bb D (3y)(Ay&Cybd)

(Va)(Bz 5 (Fy)(Ay&Cyz))

(Va)(Jy) By, (F)(Vy)  ~

Assumption
Assumption
2, QN

3, QN

1, 4, MT

5, QN

6, QN

(Vz)[Bx D

Assumption
Assumption
Assumption
2, &E

4, VE

3,5, DE

2, &E

6, 7, &I

8, dI

3-9, ol

1, 2-10, 3E
11, VI

20. {(3x)[Az&(Vy)(By D Cuy)],(3x)Ax D Bj} +

21.

(Fz)Cxj
1
2
3
4
5
6
7
8
9

10
11

(32)[Az&e(Vy)(By > Cry)]

(3z)Az D Bj

Aa&(Vy)(By D Cay)

Aa

(Fz) Az

Bj

(Vy)(By > Cay)

Bj > Caj

Caj

(Fz)Cxj
(Fz)Cxj

Assumption
Assumption
Assumption
3, &E

4,31

2,5, DE

3, &E

7, VE

6, 8, DE

9, 31

1, 3-10, 3E

{(va)[(By) Rey O (32) ~ W], (Fy)(F2) (Ryz&Hz), (Var)(~

Hx D Wzx)} F (3z)(~ W2&Hz)
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(V2)[(y)Rxy D (3z) ~ W2]

(3y)(32)(Ryz&Hz)

(Vz)(~ Hx D Wxz)
(32)(Raz&Hz)

(Rab& Hb)
Rab

(Jy)Ray

(3z) ~ Wz
~We
~HeD>We
~~ He
He
~ Wc&Hce

(F2)(~ W2&Hz)
(F2)(~ W2&Hz)

[((Fy)Ray D (Fz) ~ W2

(F2)(~ W2&H?2)
(F2)(~ W2&Hz)

Assumption
Assumption
Assumption
Assumption
Assumption
5, &E

1, VE

6, 31

7,8, DE
Assumption
3, VE

10, 11, MT
12, DN

10, 13, &I
14, 31

9, 10-15, JE
4, 5-16, JE
2, 4-17, 3E



22.
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[(Bx)Az > (BGy)By >  (V2)Cz)]

(Vx)(Vy) (Vz)((Az&By) D C=z)
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[(3x)Az 5 ((y) By O (V2)Cz)]
(Aa& Bb)

Aa

(Fz)Ax

(Jy)By D (V2)C=z

Bb

(Aa&Bb) D Cec
(V2)[(Aa&Bb) D CZ]
(V) (¥2)[(Aae By) > C]
(V2)(¥y) (72)[(Ax& By) > C7]
[(3x)Az D ((Fy)By D (V2)Cz)] D
(V) (Vy)(V2)[(Az&By) > C2]

o> 23 {(32)Q=

Assumption
Assumption
Assumption
3, 1

1,4, OF

2, &E

6, JI

5,7, DE

8, VE

2-9, DI

10, VI

11, VI

12, vI

1-13, oI

1
2
3
4
5
6
7
8
9

10
11
12
13
14
15
16
17
18
19

> (Vw)(Lww D~ Hw),(3z)Bx D
(Vy)(Ay O Hy)}
F (w)(Quw&Bw) > (Vy)(Lyy D~ Ay)

(32)Qz D> (Yw)(Lww D~ Hw)

(Jz)Bx O (Vy)(Ay D Hy)
(Fw)(Quw& Bw)

Qa&Ba
Qa
(32)Q=
(Vw)(Lww D~ Hw)
Lbb
Lbb O~ Hb
~ Hb

Lbb >~ Ab
(Vy)(Lyy D~ Ay)
(Vy)(Lyy >~ Ay)
(Fw)(Qu&Bw) > (Vy)(Lyy >~ Ay)

Assumption
Assumption
Assumption
Assumption
4, &E

5,31

1,6, OF
Assumption
7, VE

8,9, DE

4, &E

11, 31
2,12, OF
13, VE

10, 14, MT
8-15, DI

16, VI
3,4-17, IE
3-18, DI



24. {(Vx)(Yy)((Az&By) D Cxy), (y)(Ey&(Yw)(Hw D
Cyw)), (Vr)(Vy)(V2)[(Cay&Cyz) > Cuz],
(VYw)(Fw D Bw)} F (Vz)(Vw)[(Az&Hw) D Czw]
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(Va)(Vy)((Az&By) > Cuy)
(Fy)(Ey&(Vw)(Hw > Cyw)

(V) (Vy)(Vz)[(Czy&Cyz) D Cxz]
(

Yw)(Fw D Bw)

Aa& Hb
Ec&(VYw)(Hw D Cew)
Ec
Ec > Be
Be
Aa
Aa&Bc
(Vy)((Aa&By) > Cay)
((Aa&Bc) D Cac)
Cac
(Vw)(Hw D Cew)
Hb
Hb D Cceb
Cceb
Cac&Cch
(Vy)(V2)[(Cay&Cyz) D Caz]
(V2)[(Cac&Ccz) D Caz]
[(Cac&Ccb) D Cab]
Cab

Cab
[(Aa&Hb) D Cab
(VYw)[(Aa&Hw) D Caw]
(Vz)(Yw)[(Az&Hw) D Czw)

Assumption
Assumption
Assumption
Assumption
Assumption
Assumption
6, &B
4,VE

7,8, DE

5, &E

9, 10, &I

1, VE

12, VE

11, 13, OE
6, &E

5, &E

15, VE

16, 17, OE
14, 18, &I
2, VE

20, VE

21, VE

19, 22, OE
2, 6-23, IE
5-24, oI

95, VI

26, V1



