
Physics 303 Final

I pledge that I have neither given nor received unauthorized assistance during the completion
of this work.

Signature

Questions (5 pts. apiece) Answer questions 1-8 in complete, well-written sentences WITHIN
the spaces provided.

1. The figure shows some trajectories for Rutherford scattering. What is the impact
parameter for each trajectory? What is the order of the beam energies from lowest to
highest? Explain.
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2. To measure the distance from star to planet rsp for an exoplanet we use Kepler’s Law

r3sp =
GT 2Ms

4π2

where G is the Gravitational constant, T is the measured period of oscillation, and Ms

is the mass of the star. How do we get the value of Ms?

3. For an object (like Lt. Chisov) falling through the atmosphere, why does it reach a
maximum speed and stop accelerating (assuming the configuration of the object does
not change)? Explain.

4. For the oscillating biosensor you are designing for Homeland Security should it be an
underdamped or overdamped oscillator? Explain.
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5. The Lagrangian for a pendulum of mass m attached to another mass M on a spring
moving horizontally (see the figure) is

L =
1

2
(M +m)ẋ2 +

1

2
`2θ̇2 +m` cos θẋθ̇ − 1

2
kx2 +mg` cos θ

where k is a spring constant. What is the x component of the momentum?

6. Can we integrate the equation below? Why or why not?

dv

dt
= cot θ

7. In the figure below showing the interaction of two nuclei in a scattering experiment,
clearly label the impact parameter b, differential impact parameter db, scattering angle
θs, differential scattering angle dθs, solid angle dΩ, and differential area dA.

Do not write below this line.
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8. Two bodies undergo an elastic, one-dimensional collision along an x axis. The figure
below is a graph of position versus time for those bodies and for their center of mass
(CM). (a) Were both bodies initially moving, or was one initially stationary? Which
line segment corresponds to the motion of the CM (b) before the collision and (c) after
the collision? (d) Is the mass of the body that was moving faster before the collision
greater than, less than, or equal to that of the other body? Explain your results.

7

Problems (1-6). Clearly show all reasoning for full credit. Use a separate sheet to show your
work.

1. 8 pts. A spaceship, moving away from Earth at a speed of va = 0.9c, reports back by
transmitting at a frequency (measured in the spaceship frame) of f = 100 MHz.
To what frequency must Earth receivers be tuned to receive the report?

2. 8 pts. A massless spring of rest length ` and spring constant k has a mass m attached to
one end. The system is set on a table with the mass vertically above the spring as
shown.

1. What is the new equilibrium height of the mass above the table?

2. The spring is compressed a distance below the new equilibrium
height and released. What is the new equation of motion of
the mass assuming the free end of the spring remains in contact
with the table.

3. 10 pts. Consider the equation for free fall with air friction

F = m
dv

dt
= −mg + cv2

where m is the mass, g is the acceleration of gravity, and c is the drag coefficient
where the terminal velocity vt =

√
mg/c. Integrate this equation of motion to

obtain the position as a function of velocity x(v). The position here is the distance
fallen by a sky diver in free fall. Get x(v) including any constants of integration
assuming the initial velocity is zero and the initial position is at the origin.

Do not write below this line.
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4. 10 pts. Consider a planet orbiting a star in a plane where the mass of the planet mp is
much less than the mass of the star Ms so mp � Ms. What is the Lagrangian
for the system? If the planet follows a circular orbit, then show, starting from the
Lagrangian

r3sp =
GT 2Ms

4π2

where T is the period of the planet’s orbit and rsp is the star-planet distance.

5. 12 pts. Two masses m1 and m2 are connected by a spring of rest length ` and spring constant
k. The system glides without friction on a horizontal surface in the direction of the
spring’s length.

1. What is the Lagrangian for the system?

2. Starting from the Lagrangian, what are the equations of motion of the system?

3. Find the normal modes by assuming oscillatory solutions for each coordinate.
What are the corresponding frequencies?

6. 12 pts. The color force that binds quarks together in protons, neutrons, and atomic nuclei
has been successfully modeled using the potential energy

V (r) = −k1
r

+ k2r k1 > 0, k2 > 0

where r is the quark-quark separation.

1. What is the force?

2. What is the angular momentum L of a bound quark with mass m on a circular
orbit of radius a in terms of k1, k2, a, and m?

3. What is the total energy E for motion of a bound quark with mass m on a
circular orbit of radius a in terms of k1, k2, a, and m?

4. What is the period of circular motion in terms of the same quantities?

Do not write below this line.
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Physics 303 Final Equation Sheet

~F = m~a = ~̇p = −dV
dr
r̂ ~FG = −Gm1m2

r2
r̂ ~FC =

kq1q2
r2

r̂ ~Fg = −mgŷ ~Fs = −krr̂ |~Fcent| = m
v2

r

~Ff = −bvv̂ ~Ff = −cv2v̂ df(y)

dx
=
df(y)

dy

dy

dx

∫
df

dx
=

∫
df f(x) =

∞∑
n=0

f (n)(a)

n!
(x−a)n

ÿ + Aẏ +By = 0⇒ y = Ceλt ÿ + ω2
0y = 0⇒ y = A sin(ω0t+ φ) = α1e

iω0t + α2e
−iω0t

ÿ + ω2
0y = ω2

0l⇒ y = C + A sin(ω0t+ φ) or y = C ′ + A sinω0t+B cosω0t

ω2
0 =

k

m
ω2
0 =

g

l
k =

d2V (x)

dx2

∣∣∣∣
x=xe

(small oscillations)

V = −
∫ x

xs

~F (~r ′)·d~r ′ E = K+V Vs =
kx2

2
Vg = mgy VG = −Gm1m2

r
VC =

kq1q2
r

=
Z1Z2e

2

r

K =
1

2
mv2 =

p2

2m
=

1

2
m(ṙ2+r2θ̇2) L = K−V d

dt

(
∂L

∂q̇

)
−∂L
∂q

= 0 pq =
∂L

∂q̇
(A−λ1)~C = 0

~L = ~r×~p ~N =
d~L

dt
L = µr2θ̇ Vcent =

L2

2µr2
~p = m~v ~pi = ~pf Ki = Kf e =

|~v2f − ~v1f |
|~v2i − ~v1i|

1

r
=
µα

L2
(1 + ε cos(θ − θ0)) ε =

√
1 +

2EL2

µα2
sin

(
θs
2

)
=

1

ε

dσ

dΩ
=

(
α

4Ecm

)2
1

sin4
(
θs
2

)
dNs

dt
=
dσ

dΩ
ntgtdΩ α = Gm1m2 or−e2Z1Z2 Ecm =

mtgt

mtgt +mbeam

Elab Veff (r) =
L2

2µr2
+V (r)

µ =
m1m2

m1 +m2

~Rcm =
m1~r1 +m2~r2
m1 +m2

= ~0 vT = rθ̇ =
2πrsp
T
≈

√
GMs

rsp
= vp rsp =

[
GT 2Ms

4π2

]1/3

µr̈sp − µrspθ̇2 +
α

rsp
= 0 rs =

mp

mp +ms

λ± =

√
1∓ vs/c
1± vs/c

λ0 c =
λ

T
= λf
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More Equations, Conversions, and Constants

Speed of light (c) 3.0× 108 m/s g 9.8 m/s2

Gravitation constant (G) 6.67× 10−11 N −m2/kg2 Earth’s radius 6.37× 106 m

Coulomb constant (ke) 8.99× 109N−m
2

C2 Earth’s mass 5.97× 1024 kg

Elementary charge (e) 1.60× 10−19 C Proton/Neutron mass 1.67× 10−27 kg

Planck’s constant (h) 6.626× 10−34 J − s Proton/Neutron mass 932× 106 eV/c2

Permittivity constant (ε0) 8.85× 10−12 kg2

N−m2 Electron mass 9.11× 10−31 kg

Permeability constant (µ0) 4π × 10−7N/A2 Electron mass 0.55× 106 MeV/c2

1 MeV 106 eV 1.0 eV 1.6× 10−19 J

1 kg 931.5 MeV/c2 1 u 1.67× 10−27 kg

~c 197 MeV − fm e2 hbarc
137∫

dx

x2 − a2
= −1

a
tanh−1

(x
a

) ∫
tanhxdx = ln [cosh x]

∫
cothxdx = ln[sinhx]

d

dx
tanx =

1

cos2 x

∫
1√

x2 + a2
dx = sinh−1

x

a

d

dx
cscx = − cscx cotx

d

dx
secx = secx tanx

d

dx
ln ax =

1

x

d

dx
cotx = − 1

sin2 x
d

dx
sin−1 x =

1√
1− x2

d

dx
cos−1 x =

−1√
1− x2

d

dx
tan−1 x =

1

1 + x2∫ √
a2 − x2dx =

x
√
a2 − x2

2
+
a2

2
sin−1

(x
a

) ∫ √
x2 − a2dx =

x
√
x2 − a2

2
+
a2

2
ln
[
x+
√
x2 − a2

]
∫

tanh2(x)dx = x− tanhx

∫
tanh3(x)dx = ln [cosh x] +

sech2(x)

2∫ √
tanhxdx = − tan−1

[√
tanhx

]
− 1

2
ln
[
1−
√

tanhx
]

+
1

2
ln
[
1 +
√

tanhx
]

d

dx
tanhx = sech2 x

d

dx
cothx = − csch2 x

d

dx
sinhx = coshx

∫
1√

ar4 + br3 − r2
dr =

r
√
−1 + br + ar2 arctan

(
−2+br

2
√
−1+br+ar2

)
√
r2(−1 + br + ar2)∫

1√
ax2 + bx+ c

dx = − 1√
−a

arcsin

(
2ax+ b√
b2 − 4ac

)
∫

1

ax2 + bx+ c
dx =

2√
4ac− b2

arctan

(
2ax+ b√
4ac− b2

)
x =
−b±

√
b2 − 4ac

2a
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